In this paper, the homotopy perturbation method and a modified homotopy perturbation method are used for analytical treatment of the wave equation and some nonlinear diffusion equations, respectively. Some examples are given to illustrate that a suitable choice of an initial solution can lead to the exact solution, this revealing the reliability and effectiveness of the method.
Introduction
Nonlinear partial differential equations are useful in describing the various phenomena in disciplines. Apart of a limited number of these problems, most of them do not have a precise analytical solution, so these nonlinear equations should be solved using approximate methods.
The homotopy perturbation method (HPM), first proposed by He in 1998, was developed and improved by He [1] [2] [3] . Very recently, the new interpretation and new development of the homotopy perturbation method have been given and well addressed in [4] [5] [6] [7] . The homotopy perturbation method [1] [2] [3] [4] [5] [6] [7] is a novel and effective method, and can solve various nonlinear equations. This method has been successfully applied to solve many types of nonlinear problems, for example, to nonlinear oscillators with discontinuities [8] , nonlinear wave equations [9] , limit cycle and bifurcations [10] [11] [12] [13] , non-linear boundary value problems [14] , asymptotology [15] , to Volterra's integro-differential equation by El-Shahed [16] , some fluid problems [17, 18] and many other subjects [19, 20] .
The HPM offers certain advantages over routine numerical methods. Numerical methods use discretization which gives rise to rounding off errors causing loss of accuracy, and requires large computer power and time. The HPM method is better since it does not involve discretization of the variables, hence is free from rounding off errors and does not require large computer memory or time.
In this paper, the homotopy perturbation method is used to solve the wave equation, where the domain of the space variable is unbounded, and a modified homotopy perturbation method to some nonlinear diffusion equations to obtain exact solutions without any restrictive assumptions that may change the physical behavior of the solutions. It is worth mentioning that in order to make the HPM more effective, He's polynomials are used in the modified homotopy perturbation method. The idea of He's polynomials was first suggested by Ghorbani to deal with nonlinear terms when using the HPM [24, 25] , and was then also used in the variational iteration method to deal with nonlinear terms in the correction functional [26] . In this paper, several examples are given to reveal the efficiency and reliability of the modified homotopy perturbation method.
He's homotopy perturbation method
To illustrate the homotopy perturbation method (HPM) for solving nonlinear differential equations, He [1] [2] [3] [4] [5] [6] [7] considered the following nonlinear differential equation:
subject to the boundary condition
where A is a general differential operator, B is a boundary operator, f (r) is a known analytic function, Γ is the boundary of the domain Ω and ∂ ∂n denotes differentiation along the normal vector drawn outwards from Ω. The operator A can generally be divided into two parts M and N. Therefore, (1) can be rewritten as follows:
He [1, 2] constructed a homotopy v(r, p) :
which is equivalent to
where p ∈ [0, 1] is an embedding parameter, and u 0 is an initial approximation of (3). Obviously, we have:
The changing process of p from zero to unity is just that of 
When p → 1, Eq. (4) corresponds to the original one, Eqs. (1) and (7) becomes the approximate solution of Eq. (1), i.e., u = lim 
Wave equations with the homotopy perturbation method

One-dimensional wave equation
We consider the wave equation
with the initial conditions
As is well known, the method of the separation of variables [21] has been used by D'Alembert and others to derive the solution u(x, t) of the wave equation (9) of the form
It should be noted that the D'Alembert formula (12) is not easy to apply if g(x) is not easily integrable, this giving rise to some cumbersome work, and thus the applicability of the formula is severely restricted and its utility becomes problematic. However, this difficulty can be easily overcome by the homotopy perturbation method like Adomian's method [22] and the variational iteration method [23] , this is our main motivation of this work.
He's method is an effective tool to handle Eq. (9). We construct the following homotopy with M(u) = u tt and N(u) = −c (17) . . . We let u 0 (x, t) = 0 for convenience. We, therefore, obtain the following linear equations for the components:
and so on. We easily find
By continuing the calculation, we thus have the solution given by
This is the same as obtained by Adomian's decomposition method and the variational iteration method [22, 23] .
Example 1.
We consider the wave equation [22] 
subject to the initial conditions
With f (x) = sin (x) and g(x) = cos (x), we find
and
Substituting Eqs. (30) and (31) into (26) produces
and in a closed form by
Two-dimensional wave equation
Example 2. For illustration, we consider the wave equation [22] u tt = 2(u xx + u yy ), −∞ < x, y < ∞, t > 0 (34) subject to the initial conditions
Conducted in exactly the same way as in the one-dimensional wave equation for the homotopy (13) with M(u) = u tt , N(u) = −2(u xx + u yy ) and with u 0 (x, y, 0) = 0 as initial approximation, we obtain the following linear equations for the components v 0 , v 1 , v 2 , . . .:
and in a closed form
Nonlinear diffusion equations with a modified homotopy perturbation method
We consider the nonlinear diffusion equation
with initial condition
where u = u(x, t).
To solve (47) and (48), we construct the following homotopy with M(u) = u t and
To deal with the nonlinear term, we will employ He's polynomials considered in [24, 25] which is given by
where
Substituting (50) into (49), and equating coefficients of like powers of p, we obtain
. . .
. . , v n ) = 0, and so on, which forms the basis of a complete determination of the components v 0 , v 1 , v 2 , . . .. We let u 0 (x, t) = 0 for convenience. We therefore obtain the following linear equations for the components:
and so on.
Example 3.
Consider the diffusion equation (47) with m = 2,
with initial condition 
and so on. By continuing the calculation, we have the solution given by 
This gives the exact solution of (60) and (61) in a closed form by
which is the same as obtained by Adomian's decomposition method and the variational iteration method [22, 23] . 
Conclusion
In this work, we apply He's homotopy perturbation method and a modified homotopy perturbation method to solve wave equations and nonlinear diffusion equations. The methods yield their exact solutions with a few iterations and comparisons were made between the D'Alembert formula, Adomian's decomposition method, the variational iteration method and the homotopy perturbation method. These results have proven that the homotopy perturbation method is reliable and efficient in handling nonlinear problems.
